We prove a generalized version of the classic deformation lemma from Morse Theory that considers functions going to −∞ at a compact set, and allowing the lower value of the deformation to be −∞. The result is valid for a class of functions satisfying a suitable growth condition.
Introduction and main result
Given a smooth manifold M and a smooth function f : M → R, Morse Theory provides a relation between the topology of the sets f −1 ((−∞, a]) and the critical points of f , this is, points x ∈ M such that dxf = 0. We recall that the singular values of f are the images by f of its critical points and the regular values are those that are not singular.
Morse Theory was developed around 1926 by Marston Morse and has had a great number of generalizations and applications in varied contexts, including for example Morse Theory for functions defined on Hilbert spaces [7] , Morse Homology [8] , Discrete Morse Theory [6] , etc. In almost all of its "flavors", classic Morse Theory relies on a few number of fundamental lemmas, one of wich is the following:
Let M be a compact smooth manifold and
The compacity assumption on M can be replaced by the compacity of the set g −1 ((−∞, b]). Sourprisingly, it is not found anywhere in the literature any generalization of Lemma 1 allowing the lower value a to be −∞. More precisely, let f : M \ Σ → R be a C 2 function defined outside a compact set Σ, for which f (xn) → −∞ whenever (xn) is a sequence in M \ Σ converging to z ∈ Σ, and such that all values in (−∞, b] are regular. We ask if there can be established a topological equivalence between Σ and a set of the form f −1 ((−∞, b]) ∪ Σ. This problem is easy to reduce to a generalization of Lemma 1 where the value a is allowed to be singular. This reduction is done by composing g with a function Φ : R → R satisfying limx→−∞ Φ(x) = a.
Some approaches in this directions have been made. A degenerate version of Lemma 1 is proved in [1] where a (and not b) is allowed to be a singular value, under the requirement that the level set f −1 ({a}) is totally disconnected. The proof can be traced back to [2] where a Morse Theory for continuous functions is established. In such a theory, the critical points must be isolated. Morse-Bott Theory deals with functions having manifolds consisting entirely of critical points. These so called "critical manifolds" must be non-degenerate in the sense that at each point of the critical manifold, the Hessian restricted to the normal tangent space is non-degenerate. A critical point is regarded as a 0-dimentional critical manifold, generalizing the concept of non-degenerate critical point in a very elegant and natural way.
In contrast, our deformation lemma does not require the Σ "level set" to be even a manifold. The non-degeneracy is replaced by a condition in the growth of the function when it tends to −∞. While this condition restricts the class of functions we may consider, our deformation lemma is still more general than the mentioned ones, for our purpose.
With this in mind, we give the following definition.
Definition 2. Let M be a smooth riemannian manifold and g : M \Σ → R be a C 1 function defined outside a compact set Σ. We say that g is a "fast decreasing" function at
for every z ∈ Σ, and
where φ : (−∞, b] → R is a strictly positive continuous function with bounded primitive.
Observe that all values in the interval (−∞, b] of a fast decreasing function under level b ∈ R, are regular.
Our main result is the following:
Before giving the proof we review some examples:
The singular set for f pictured in Figure 1 is the four-leaved clover (see [5] pages 92, 93). We verify the fast decreasing condition as follows:
We compute for (x, y) in a small neighbourhood of 0,
Where C > 0. Then we have ∇p(x, y)
Since no point in Σ \ {0} is singular, there exists K a compact neighbourhood of Σ such that inequality (1) is satisfied for some C > 0 and all (x, y) ∈ K \ Σ. Finally, inequality (1) implies
which is the fast decreasing condition, valid in a neighbourhood of Σ, this is, for f (x, y) sufficiently negative. Lemma 3 shows that the sets 
Although the example is artifitial, this fact cannot be proved directly using the classic version of the Deformation Lemma.
Example 2. In [3] and [4] the authors need to study the level sets of the function G : R n → R given by
where Γ : 
Proof of the lemma
Lemma 3 is a consequence of the following Assume ∇f (x) > α for some constant α > 0 for all x ∈ M \ Σ, and assume that
Proof. As in the classic proof of the Morse deformation lemma take the vector field
where η : M → R is a cutoff function with compact support and such that η(x) = 1 for every x ∈ f −1 ([0, a] ). The vector field is defined and
The corresponding flow ϕ(x, t) is defined and C 1 in an open subset of M × R. Also, since X has compact support and since f (ϕ(x, t)) = f (x) − t, we have that ϕ is well defined in the open set
For x ∈ M \ Σ and t1, t2 ∈ [0, 1) the points ϕ(x, t2), ϕ(x, t1) are joined by the integral curve γ(t) = ϕ(x, t) so
where dist is the geodesic distance on M and γ ′ (t) = X γ(t) . Then by the hypothesis on the gradient of f we have
We shall prove first that ψ extends continuously to M × [0, 1): Let (xn, tn) be a sequence in (M \ Σ) × [0, 1) converging to (z, t) ∈ Σ × [0, 1). We have f (xn) → 0 and dist(ψ(xn, tn), xn) = dist(ψ(xn, tn), ψ(xn, 0)) = dist(ϕ(xn, tnf (xn)), ϕ(xn, 0))
Thus we see that ψ can be extended continuously if we set ψ(z, t) = z for z ∈ Σ and t ∈ [0, 1). Now we must see that ψ extends continuously to M × [0, 1]. Take x0 ∈ M and consider the function ψx 0 defined by ψx 0 (t) = ψ(x0, t). From 
